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Abstract
In this paper, we prove the existence of the Eﬁmov effect for N-body quantum systems with
NX4: Under the conditions that the bottom of the essential spectrum, E0; of the N-body
operator is attained by the spectra of a unique three-cluster Subhamiltonian and its three
associated two-cluster Subhamiltonians, and that at least two of these two-cluster
Subhamiltonians have a resonance at the threshold E0; we give a lower bound of the form
C0jlogðE0  lÞj for the number of eigenvalues on the left of l; loE0; where C0 is a positive
constant depending only on the reduced masses in the three-cluster decomposition. We also
obtain a lower bound on the number of discrete eigenvalues in coupling constant perturbation.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
The Eﬁmov effect describes an interesting and unexpected phenomenon for three-
body Schro¨dinger operators which can be roughly stated as follows. When the
essential spectrum of the three-particle Hamiltonian is the positive real axis, and
when at least two of its two-body Subhamiltonians have a resonance at zero, the
discrete spectrum of the three-body Schro¨dinger operator is inﬁnite, even if the
interactions are very short range. This phenomenon is striking if one compares it
with the results on the ﬁniteness of eigenvalues of two-body Schro¨dinger operators
or N-body Schro¨dinger operators whose bottom of essential spectrum is only
reached by the spectrum of two-cluster Subhamiltonians. See [10,12,13,30]. Since its
discovery by Eﬁmov in 1970 [11], many works are devoted to this subject. See, for
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example, [2–4,6,8,9,18,19,22,25–28,32]. In particular, Yafaev gave a mathematically
rigorous proof for the existence of such phenomenon [32], and Sobolev obtained the
asymptotics of the number of eigenvalues near zero [25].
For N-body systems with NX4; Amado and Greenwood [5] discussed the
contribution of zero energy eigenvalue and zero energy resonance of ðN  1Þ-particle
subsystems to the discrete spectrum of the total system and concluded that there is
no Eﬁmov effect in the case NX4: The subsequent mathematical researches on this
subject are concerned with many-body systems whose essential spectrum is the
positive real axe and the results obtained are that two-particle zero energy
resonances do not create an inﬁnite number of eigenvalues when NX4: In this
work, we shall prove that threshold energy resonances of two-cluster Subhamilto-
nians, which can be subsystems of any particle numbers, at the bottom of essential
spectrum of an N-body Schro¨dinger operator, NX4; do create an inﬁnite number of
discrete eigenvalues.
Let us introduce some notation used in this work. Let P denote the N-body
Schro¨dinger operator with the mass center removed from the total energy operator

XN
j¼1
1
2mj
Dxj þ
X
1piojpN
Vijðxi  xjÞ; xjAR3; 0omjoN; ð1:1Þ
where xj and mj denote the position and mass of the jth particle, Vij is assumed to be
real and relatively compact with respect to D in L2ðR3Þ and satisﬁes the decay
jVijðyÞjpCij/ySr; r42; ð1:2Þ
for yAR3: Vij is assumed to be bounded, but L2locðR3Þ-singularities can easily be
included. P is regarded as a self-adjoint operator in L2ðXÞ; where X is the 3ðN  1Þ-
dimensional real vectorial space: X ¼ fðx1;y; xNÞAR3N ;
PN
j¼1 mjxj ¼ 0g: Let A
denote the set of all cluster decompositions of the N-particle system. For aAA; let
#a denote the number of clusters in a and Pa the Subhamiltonian associated with a:
For i; jAf1;y; Ng; iaj; we write ðijÞAa if i and j belong to a same cluster in a: If
a; b are two-cluster decompositions, we write bCa if b is a reﬁnement of a: Let a be a
k-cluster decomposition a ¼ ða1;y; akÞ: We denote Xa ¼ fxAX;
P
lAaj mlxl ¼
0; j ¼ 1;y; kg and Xa ¼ fxAX; xi ¼ xj if ðijÞAam for some mAf1;y; kgg: Xa and
Xa give an orthogonal decomposition for X relative to the quadratic form qðxÞ ¼P
j 2mjjxjj2; xAX: Denote by X	 (resp., Xa	;X	a) the dual space of X (resp., Xa;Xa).
X	 is equipped with the dual metric, q	; of q: In this paper, when coordinates are
needed in calculation, we always use in orthonormal basis with respect to q in X and
with respect to q	 in X	:
Let pa and pa denote the orthogonal projection from X onto Xa and Xa;
respectively. For xAX; let xa ¼ pax and xa ¼ pax so that we have the orthogonal
decomposition: x ¼ xa þ xa with xaAXa and xaAXa: The N-body Schro¨dinger
operator P introduced above can be written in the form P ¼ P0 þ VðxÞ where P0
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is the Laplace–Beltrami operator on the Euclidean space ðX; qÞ and VðxÞ ¼P
aAA VaðxaÞ with VaðxaÞ ¼ Vijðxi  xjÞ if a is an ðN  1Þ-cluster decomposition
and ðijÞAa; VaðxaÞ ¼ 0; otherwise. Let DaðDa; resp.) denote the restriction of
P0 on X
a (on Xa; resp.). For aAA; denote Pa ¼ Da þ
P
bDa VbðxbÞ; Pa ¼ Pa 
Da; IaðxÞ ¼
P
bD/ a VbðxbÞ: Pa is the Subhamiltonian associated with the cluster
decomposition a and Ia is the sum of all inter-cluster interactions. Let T ¼S
aAA;#aX2 spðPaÞ be the set of thresholds of P: The HVZ theorem says that the
bottom of the essential spectrum, E0 
 inf sessðPÞ; of P is given by
E0 ¼ min
aAA;#aX2
inf sðPaÞ ¼ min
aAA;#a¼2
inf sðPaÞ:
The purpose of this paper is to study the inﬁniteness of the discrete spectrum of
N-body Schro¨dinger operators due to threshold energy resonances. Assume that E0
is attained by a unique three-cluster threshold, b; with b ¼ ðb1; b2; b3Þ:
inf sðPbÞ ¼ E0 ¼ inf sessðPÞ: ð1:3Þ
Let ak ¼ ðbi,bj; bkÞ; where i; j and k take different values in f1; 2; 3g: Then, we have
necessarily sðPakÞ ¼ ½E0;N½: In this paper, we assume that these are the only
possible cluster decompositions for which the spectra of the corresponding
subsystems attain the bottom of essential spectrum of total Hamiltonian, i.e.,
inf sðPaÞ ¼ E0; aAfb; a1; a2; a3g; inf sðPaÞ4E0; aefb; a1; a2; a3g;#aX2: ð1:4Þ
By the HVZ Theorem, assumption (1.4) implies that E0 is in the discrete spectrum
of Pb for NX4; and therefore necessarily, E0o0: Assume that the inter-cluster
interactions related to b are attractive:
VaðxaÞp0; for aD/ b: ð1:5Þ
This assumption, together with the condition that 0 is not an eigenvalue of any
two-body Subhamiltonian, was often used in early works on the three-body Eﬁmov
effect [22,25,32]. They are removed in [27] by an argument of perturbation for two-
body Subhamiltonians. This kind of perturbation is more subtle for many-particle
Subhamiltonians. In addition, condition (1.5) is used in our work to prove that E0 is
not an eigenvalue of two-cluster Subhamiltonians.
Unless otherwise stated, conditions (1.2), (1.4) and (1.5) are assumed in this work.
For c; dAA with cCd; we deﬁne Hm;s;c;d ; m; sAR; be the weighted Sobolev space
on Xd equipped with the norm
jjujjm;s;c;d ¼
Z
Xd
jð1þ jxdc j2Þs=2ð1 Dxd Þm=2uj2dxd
 1
2
: ð1:6Þ
If c and d are just the one-cluster decomposition, the indication about the cluster
decompositions will be dropped. For example, for #d ¼ 1; we just write Hm;s;c;d as
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Hm;s;c: Let /; S ðð; Þa;/; Sa; resp.) denote the scalar product on L2ðXÞ (on
L2ðXaÞ; L2ðXaÞ; resp.). H1;s;c;d ; sX0; to the dual space of H1;s;c;d with the usual
L2 product as the dual product. LetLðm; s;m0; s0; c; dÞ ¼LðHm;s;c;d ; Hm0;s0;c;dÞ: It will
be convenient to regard P as an operator in Lð1; 0;1; 0Þ:
Deﬁnition. We say that E0 is a resonance of P
aj if the equation Paj u ¼ E0u has a
solution uAH1;sðXaj Þ\L2ðXaj Þ for any s41
2
:
Under assumptions (1.2) and (1.4), the analysis of threshold resonances made in
[31] is valid for Paj : One knows that if E0 is a resonance of P
aj ; then it is simple and
the corresponding resonant state u behaves like
uðxaj Þ ¼ Oðedjxbjjxajb j1Þ; jxaj j-N; d40: ð1:7Þ
One can show under conditions (1.2), (1.4) and (1.5), E0 is not an eigenvalue of P
aj
for j ¼ 1; 2; 3: The main result of this work is the following.
Theorem 1.1. Let conditions (1.2) with r42; (1.4) and (1.5) be satisfied. Assume that
at least two of the two-cluster Subhamiltonians Paj ; j ¼ 1; 2; 3; have a resonance at E0:
Let NðlÞ denote the number of the eigenvalues of P below loE0: Then, there exists
C040 depending only on the reduced masses of b1; b2; b3 such that
NðlÞXC0jlogjl E0jj; l-E0: ð1:8Þ
Clearly, the positivity of C0 implies that there exists an inﬁnite number of discrete
eigenvalues for the N-body Schro¨dinger operator satisfying the conditions of
Theorem 1.1. Comparing with the known criteria for the ﬁniteness or inﬁniteness of
discrete spectrum of N-body Schro¨dinger operators [12,13], one can say that these
eigenvalues are due to the existence of resonances of two-cluster Subhamiltonians at
E0: This phenomenon is similar to the Eﬁmov effect known in three-body problems.
The following result on the coupling constant perturbation gives the variation of
the number of discrete eigenvalues when potentials approach those satisfying the
conditions of Theorem 1.1.
Theorem 1.2. Under the conditions of Theorem 1.1, assume in addition that VaACN0
for all aD/ b: Let PðmÞ ¼ Pb þ mIb; mX1: Then for m41; the discrete spectrum of PðmÞ
is finite. Let NðmÞ denote the number of discrete eigenvalues of PðmÞ: One has
NðmÞX2C0jlogðm 1Þj  C1; ð1:9Þ
when m-1þ: Here C040 is the same as in Theorem 1.1 and C1 is a constant
independent of m:
For three-body problems, the coupling constant limit is studied in [27] for mo1:
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Let us now mention some earlier works related to the Eﬁmov effect in
N-body problems with NX4: For N ¼ 3; see [3,21,25,27] and the references therein.
For NX4; Amado and Greenwood [5] argued that the zero energy eigenvalue
and zero energy resonance of ðN  1Þ-particle subsystems do not produce an inﬁnite
number of eigenvalues in N-body problems when NX4: Vugal’ter and Zhislin [29]
proved that two-particle resonances at zero energy do not produce an inﬁnite
number of discrete eigenvalues when NX4: The work of Karner [16] also concerned
the case where the essential spectrum of the total Hamiltonian is Rþ: Ahia [1]
gave a new proof of the result of Vugal’ter and Zhislin [29]. As remarked by these
authors, the question of whether or not the Eﬁmov effect exists for NX4 has not
been settled.
We emphasize that in spite of the titles, our result is not in discrepancy with [5].
In contrast to [5], the bottom of the essential spectrum, E0; of the N-body
Schro¨dinger operator in our case is always strictly negative when NX4: A
mathematical proof of the ﬁniteness of discrete eigenvalues in the situation of [5]
is still missing for NX4: In N-body problems, there are many spectral conﬁgurations
for thresholds. An important step in the study of the Eﬁmov effect is the
understanding of contribution of threshold energy resonances (see [22,25–27,32] for
the role of zero energy resonances of two-body Subhamiltonians in three-body
problems). N-body threshold energy resonances have not yet been fully analyzed for
NX3: The result of [31] for two-cluster threshold energy resonances play an
important role in this paper.
The proof of Theorem 1.1 relies heavily on the ideas and the results given in
[25,31]. The results of [31] are used to obtain the leading term of the resolvent of two-
cluster Subhamiltonians near E0: We follow closely Sobolev’s method to transform
the eigenvalue problem to a Toeplitz operator of the Fourier type [14]. Our main
task here is to reduce the additional space dimensions to obtain an integral operator
already studied in [25]. Because of the lack of compactness, we only obtain a lower
bound on the number of eigenvalues.
The organization of this work is as follows. In Section 2, we reduce the eigenvalue
problem by the principle of Birman–Schwinger. In Section 3, the asymptotics of the
resolvent of two-cluster Subhamiltonians Paj are derived from the results proved in
[31]. In Section 4, we give a lower bound on the number of eigenvalues. The
assumption on the existence of resonances at E0 is not stable under perturbation. In
Section 5, we study coupling constant limit for a family of N-body operators PðmÞ
and prove Theorem 1.2.
2. A reduction
Let b and aj; j ¼ 1; 2; 3; be given in the assumption (1.4). Write Ib ¼
P
aD/ b Va as
Ib ¼ W1  W2  W3; ð2:1Þ
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where
Wj ¼ 
X
aD/ b;aDaj
Va; j ¼ 1; 2; 3:
Then WjX0 and one has
Paj ¼ Pb  Wj: ð2:2Þ
Denote RjðzÞ ¼ ðPaj  zÞ1:
For a bounded self-adjoint operator A; we deﬁne nðl; AÞ as
nðm; AÞ ¼ supfdim F ;/Au; uS4m; uAF ; jjujj ¼ 1g:
nðm; AÞ is equal to the inﬁnity if m is in the essential spectrum and if nðm; AÞ is ﬁnite, it
is equal to the number of the eigenvalues of A bigger than m:
Proposition 2.1. Let loE0: One has
NðlÞ ¼ nð1; AðlÞÞ; ð2:3Þ
where
AðlÞ ¼
0 A12ðlÞ A13ðlÞ
A21ðlÞ 0 A23ðlÞ
A31ðlÞ A32ðlÞ 0
0
B@
1
CA
with
AijðlÞ ¼ ð1þ W
1
2
i RiðlÞW
1
2
i Þ
1
2W
1
2
i RbðlÞW
1
2
j ð1þ W
1
2
j RjðlÞW
1
2
j Þ
1
2
for iaj:
Proof. This Proposition is deduced by the arguments of [25]. Since P ¼ Pb þ Ib; and
Pb  l is positive and invertible for loE0; one has
lAsdðPÞ30Asdð1þ RbðlÞ
1
2IbRbðlÞ
1
2Þ
and
uADðPÞ and oðP  lÞu; uSo03
oðRbðlÞ
1
2jIbjRbðlÞ
1
2  1Þv; vS40 and v ¼ ðPb  lÞ
1
2u:
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It follows that NðlÞ ¼ nð1; RbðlÞ
1
2jIbjRbðlÞ
1
2Þ: Decompose
RbðlÞ
1
2jIbjRbðlÞ
1
2 ¼
X3
j¼1
RbðlÞ
1
2WjRbðlÞ
1
2 ¼ B	B;
with B : L2-ðL2Þ3 deﬁned by
B ¼ ðW 121RbðlÞ
1
2; W
1
2
2RbðlÞ
1
2; W
1
2
3RbðlÞ
1
2Þ 
 ðB1; B2; B3Þ:
Then B	B and BB	 have the same non-zero eigenvalues with the same multiplicity,
and the same essential spectrum. It follows that for any m40;
nðm; B	BÞ ¼ nðm; BB	Þ: ð2:4Þ
Consequently,
NðlÞ ¼ nð1; BB	Þ: ð2:5Þ
BB	 can be decomposed as BB	 ¼ D þ K ; where
D ¼
B1B
	
1 0 0
0 B2B
	
2 0
0 0 B3B
	
3
0
B@
1
CA; K ¼
0 B1B
	
2 B1B
	
3
B2B
	
1 0 B2B
	
3
B3B
	
1 B3B
	
2 0
0
B@
1
CA:
Since sðPaj Þ ¼ ½E0;N½; 1 W
1
2
j RbðlÞW
1
2
j is invertible and
ð1 W 12j RbðlÞW
1
2
j Þ1 ¼ 1þ W
1
2
j Raj ðlÞW
1
2
j 40: ð2:6Þ
So 1 D is invertible and positive deﬁnite. A direct calculation shows that
nð1; BB	Þ ¼ nð1; ð1 DÞ12Kð1 DÞ12Þ and that ð1 DÞ12Kð1 DÞ12 ¼ AðlÞ: &
Note that in three-body case, the operator AðlÞ is compact. This is no longer true
if NX4; since for NX4 and iaj; W
1
2
i W
1
2
j is independent of the x
b variables,
W
1
2
i RbðlÞW
1
2
j is not compact on L
2ðXÞ:
3. Resolvent asymptotics for Subhamiltonians
Deﬁnition (Jensen and Kato [15], Newton [20]). We say that E0 is a resonance of P if
the equation Pu ¼ E0u has a solution uAH1;sðXÞ\L2ðXÞ for any s412: We call E0 a
regular point of P if E0 is neither eigenvalue, nor resonance of P; an exceptional
point of the ﬁrst kind (respectively, the second kind; the third kind) of P if it is a
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resonance but not an eigenvalue (respectively, an eigenvalue but not a resonance;
both an eigenvalue and a resonance) of P:
Note the bCaj and Pb can be regarded as a two-cluster Subhamiltonian of Paj on Xaj :
Assumption (1.3) implies that Pb is the unique Subhamiltonian (relatively to the
many-particle systems described by Paj ) whose spectrum attains the bottom of the
essential spectrum of Paj : Therefore, condition (1.3) of [31] is satisﬁed for Paj : The
following results of [31] are important in this work.
Theorem 3.1. Assume (1.2) with r42 and (1.3). Let j0ADðPbÞ be the eigenfunction of
Pb associated to E0
Pbj0 ¼ E0j0; jjj0jj ¼ 1: ð3:1Þ
Let j ¼ 1; 2; 3: If uAH1;sðXaj Þ; 8s41
2
and Paj u ¼ E0u; then, u is a resonant function of
Paj if and only if
Z
Xaj
Wjðxaj Þuðxaj Þj0ðxbÞ dxaja0: ð3:2Þ
The resonance at E0; if it does exist, is simple and the resonant state u has the following
behavior at the infinity:
uðxaj Þ ¼ Oðec0jxbjjxajb j1Þ; c040: ð3:3Þ
Property (3.3) follows from the proof of Theorem 1.1 of [31]. See Proposition 3.3
and Corollary 4.6 of [31]. In fact, there is an explicit relation between the resonant
state u and that of a three-dimensional Scho¨dinger operator, v;
u ¼ eþðE0Þv or u ¼ EþðE0Þv
according to whether or not E0 is eigenvalue of an auxiliary operator. Eq. (3.3)
follows from the known behavior of three-dimensional zero-energy resonant state,
and the properties of eþðE0Þ and EþðE0Þ: See (3.13) below for eþðE0Þ:
Let d40 be small. Denote UdðE0Þ ¼ fzAC;Iz40; jz  E0jodg and Ud ¼ Udð0Þ:
Let RmðzÞ ¼ ðPam  zÞ1 and RmðzÞ ¼ ðPam  zÞ1 ¼ ðPam  Dxam  zÞ1: The asymp-
totics of the resolvent RmðzÞ ¼ ðPam  zÞ1; m ¼ 1; 2; 3; can be stated as follows.
Theorem 3.2. Assume (1.2) with r42 and (1.3). Let z ¼ z  E0 and ðzÞ
1
2 be the branch
such that IðzÞ1240 for Iz40: Set l ¼ 0 (resp., l ¼ 1; 2; 3) if E0 is a regular point (resp.,
an exceptional point of the first, the second, the third kind) of Pam : Then for
klAZ; klX 2; depending on r and l; and s40 depending on kl and r; one has the
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following asymptotic expansion in Lð1; s; 1;s; b; amÞ;
RmðzÞ ¼
Xkl
j¼2
zj=2BðlÞj;m þ Oðjzjkl=2þeÞ; z-0 ð3:4Þ
for some e40 depending on s and r: More precisely, let r0 ¼ ½ðrþ 1Þ=2AN be the
biggest integer pðrþ 1Þ=2: Then, when l ¼ 0; one has k0 ¼ r0  1 and
B
ð0Þ
2;m ¼ Bð0Þ1;m ¼ 0: ð3:5Þ
When l ¼ 1; one has k1 ¼ r0  2 and
B
ð1Þ
2;m ¼ 0; Bð1Þ1;m ¼ i/; umSum; ð3:6Þ
and um is an E0 resonant function of P
am normalized by
1
2
ﬃﬃﬃ
p
p
Z
Xam
WmðxamÞumðxamÞj0ðxbÞ dxam ¼ 1: ð3:7Þ
For l ¼ 2; 3; let r43: Then, kl ¼ r0  4 and
B
ð2Þ
2;m ¼ Bð3Þ2;m ¼ PE0;m; ð3:8Þ
PE0;m being the orthogonal projection onto the eigenspace of P
am associated with the
eigenvalue E0: If r43 and lAf0; 1; 2; 3g; s and e satisfy: ð2r0  1Þ=2osor ð2r0 
1Þ=2 and 0oepminf1
2
; ð2s0  2r0 þ 1Þ=4g; for any s0os:
For NX4; W
1
2
m does not give the weight /xamb S
s uniformly in xb; which is
necessary to obtain from Theorem 3.2 the asymptotics of W
1
2
mRmðlÞW
1
2
m near E0: But
a slight modiﬁcation of the detailed analysis given in [31] enables us to overcome this
difﬁculty. The following result gives the asymptotic behavior of RmðlÞ for l near E0:
Theorem 3.3. Assume (1.2) with r42; (1.4) and (1.5). Let mAf1; 2; 3g:
(a) E0 is not an eigenvalue of P
am :
(b) Assume that E0 is a resonance for P
am : Let um be the unique resonant state
normalized by (3.7). Then, fmAH
1;sðXamÞ for any sor1
2
: Put
fm ¼ W
1
2
mum; n ¼ E0  l: ð3:9Þ
Let wACN0 ðRÞ be supported in small neighborhood of 0; 0pwp1 and wðsÞ ¼ 1 for
s near 0: Then, one has
W
1
2
mRmðlÞW
1
2
m ¼ wðDxam Þ2ðDxam þ nÞ
1
2ðð;fmÞam#fmÞ þ rmðlÞ; ð3:10Þ
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in LðL2ðXÞÞ: The remainder rmðlÞ can be decomposed as
rmðlÞ ¼ rð1Þm ðlÞ þ rð2Þm ðlÞ;
where r
ð1Þ
m ðlÞ is a family of operators uniformly bounded for l in small neighborhood of
E0; and r
ð2Þ
m ðlÞ is a family of bounded operators continuous in loE0 satisfying that for
any eA0; 1
2
 with eoðr 2Þ=2; /xajSsðDxam þ nÞ
1
2erð2Þm ðlÞ/xakSs is a continuous
LðL2Þ-valued function for lpE0; j; kam; and 0psor12 :
Proof. (a) Assume that ZAL2ðXamÞ is a non-trivial solution of ðPam  E0ÞZ ¼ 0; or
ðPb  Dxam
b
 E0ÞZ ¼ WmZ:
Under assumption (1.4), Z is the ground state of Pam ; therefore Z40: Let cðxamb Þ ¼
ðj0; ZÞb and f ðxamb Þ ¼ ðWmj0; ZÞb: Here ð; Þb is the scalar product on L2ðXbÞ: Since
j0 is the ground state of P
b; we have cAL2ðXamb Þ with dimXamb ¼ 3; and cðxamb Þ40:
By (1.5), f ðxamb ÞX0: We obtain
Dxam
b
c ¼ fX0:
Theorem A.3.2 of [24] (with Vþ ¼ 0) shows that ceL2: This contradiction proves
that E0 cannot be an eigenvalue of P
am :
(b) It is easier to work in the dual variables xam of xam : Let z ¼ l jxam j2: Since
PamXE0;
ðPam  zÞ1ð1 wðjxam j2Þ2Þ
is uniformly bounded for l in a small neighborhood of E0:
Let P0 denote the orthogonal projection in L2ðXamÞ induced by the eigenfunction
j0 of P
b: Let
P0m ¼ P00PamP00; with P00 ¼ ð1P0Þ:
Eq. (3.9) can be easily derived from (3.4) or (4.8) of [31] (with P replaced by Pam and
Pa by Pb) according to the cases whether or not E0 is eigenvalue of P
0
m: In the case
where E0 is not an eigenvalue of P
0
m; (3.4) of [31] says that for z near E0;
ðPam  zÞ1 ¼ eðzÞ  eþðzÞeþðzÞ1eðzÞ; ð3:11Þ
for z near E0; where
eðzÞ ¼ R0mðzÞ 
 ðP0m  zÞ1P00; ð3:12Þ
eþðzÞ ¼ R0mðzÞWmðj0#Þ þ ðj0#Þ; ð3:13Þ
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eðzÞ ¼ ð;j0Þb þ ðWmR0mðzÞ;j0Þb; ð3:14Þ
eþðzÞ ¼ ðz  E0Þ  ðDxam
b
 ðWmj0;j0Þb
 ðWmR0mðzÞWmðj0#Þ;j0ÞbÞ: ð3:15Þ
z-R0mðzÞALðL2ðXamÞÞ is holomorphic near z ¼ E0: Set
rð1Þm ðlÞ ¼ R0mðzÞ þ ðPam  zÞ1ð1 wðjxam j2Þ2Þ: ð3:16Þ
r
ð1Þ
m ðlÞ is continuous for l near E0 and, since PamXE0;
rð1Þm ðlÞX0; lpE0:
Therefore,
W
1
2
mðPam  zÞ1W
1
2
m ¼ W
1
2
meþðzÞeþðzÞ1eðzÞW
1
2
m þ Oð1Þ; ð3:17Þ
in LðL2Þ and for jz  E0j small enough,
 W 12meþðzÞeþðzÞ1eðzÞW
1
2
m
¼ W 12mðz  E0Þ
1
2ðiðW 12m; umÞam#umÞ þ Oðjz  E0j
12þeÞ; ð3:18Þ
in LðL2Þ for any 0oeor22 : See Theorem 3.2. By Theorem 3.1,
W
1
2
mumAH1;sðXamÞ; 80psor 1
2
:
Let r
ð2Þ
m ðlÞ denote the remainder in (3.18). To obtain the improved remainder
estimate r
ð2Þ
m ðlÞ; we remark that since j0 is exponentially decreasing in jxbj;
W
1
2
meþðzÞ: L2ðXamb ;oxam4s
r
2 dxamb Þ-L2ðXam ;oxam4s dxamÞ
is continuous. This means that we gain a decrease of oxam4r2: Similar property
holds for eðzÞW
1
2
m: Recall that eþðzÞ1 is studied in [31] through another Grushin
problem and that its singular part is calculated on the one-dimensional space
spanned by the resonant state um: Since by Theorem 3.1
umAH1;sðXamÞ; 8s41
2
;
we can prove that
rð2Þm ðlÞ: Hk;sðXamÞ-Hk;sðXamÞ
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is continuous for k ¼ 1; 0; 1 and for any 0psor2  12: Since am is a two-cluster
decomposition associated with b and due to the exponential decay of j0; we obtain
the desired decay in xaj variables for jam:
In the case E0AsdðP0mÞ; we can use (4.8) of [31] to prove the same result. Remark
that in this case, the Grushin problems studied are matrices of higher order related to
the eigenfunctions of P0m with eigenvalue E0: These eigenfunctions are exponentially
decreasing on X: &
Remark that if E0 is not a resonance of P
am ; part (a) of Theorem 3.3 implies that it
is a regular point and the proof of (b) of Theorem 3.3 shows that W
1
2
mRmðlÞW
1
2
m is
bounded and continuous in lpE0: From (3.10), we obtain the following:
Corollary 3.4. Assume that E0 is a resonance of P
am : Let fm ¼ W
1
2
mum: Then,
ð1þ W 12mRmðlÞW
1
2
mÞ
1
2
¼ 1jjfmjj
wðDxam ÞðDxam þ nÞ
1
4½ð;fmÞam#fm þ QmðlÞ; ð3:19Þ
in LðL2ðXÞÞ for l near E0; n ¼ E0  l: Here
QmðlÞ ¼ Qð1Þm ðlÞ þ Qð2Þm ðlÞ
with Q
ð1Þ
m ðlÞ uniformly bounded for lpE0; and Qð2Þm ðlÞ bounded for all loE0 and
satisfying that
n-/xajS
sðDxam þ nÞ
1
2eQð2Þm ðlÞ/xakSsALðL2Þ
is continuous in n ¼ E0  lp0; for j; kam; 0psor12 ; 0oeor22 :
Proof. Remark that by Theorem 3.1, fmAL
2;s; sor1
2
and is non-zero. Since
A ¼ 1þ W 12mRmðlÞW
1
2
m;
B ¼ wðDxam Þ2ðDxam þ nÞ
1
2½ð;fmÞam#fm
are positive self-adjoint operators for loE0; their square roots are well deﬁned.
One can calculate that
ðð;fmÞam#fmÞ
1
2 ¼ 1jjfmjj
ð;fmÞam#fm:
ARTICLE IN PRESS
X.P. Wang / Journal of Functional Analysis 209 (2004) 137–161148
Set
Qð1Þm ðlÞ ¼ ðB þ 1þ rð1Þm ðlÞÞ
1
2  B12; Qð2Þm ðlÞ ¼ A
1
2  ðB þ 1þ rð1Þm ðlÞÞ
1
2:
Since r
ð1Þ
m ðlÞX0; one has B þ 1þ rð1Þm ðlÞX1: Its square root is well deﬁned. It is well-
known [7] that for two positive operators C; D in a Hilbert space, one has the
inequality
jjC12  D12jjpjjC  Djj12:
The estimate on Q
ð1Þ
m ðlÞ is evident. To estimate Qð2Þm ðlÞ; we work with Qð2Þm ðxam ; lÞ the
Fourier transform in xam -variables of Q
ð2Þ
m ðlÞ and in weighted L2-spaces on Xam :
Applying (b) of Theorem 3.3, one sees that in this setting,
jjQð2Þm ðxam ; lÞjjpjjrð2Þm ðlÞjj
1
2pCðnþ jxam j2Þ
1
4þe2:
Corollary 3.4 follows, because QmðlÞ ¼ Qð1Þm ðlÞ þ Qð2Þm ðlÞ: &
4. Lower bound on the number of eigenvalues
For loE0; let n ¼ E0  l: Set
FðlÞ ¼
0 F12ðlÞ F13ðlÞ
F21ðlÞ 0 F23ðlÞ
F31ðlÞ F32ðlÞ 0
0
B@
1
CA : ðL2ðXÞÞ3-ðL2ðXÞÞ3;
with
FijðlÞ ¼ ð1þ W
1
2
i RiðlÞW
1
2
i Þ
1
2W
1
2
i P0ðDb þ nÞ1W
1
2
j ð1þ W
1
2
j RjðlÞW
1
2
j Þ
1
2;
for iaj: Recall that P0 is the orthogonal projection in L2ðXÞ induced by j0: P0 ¼
ð;j0Þb#j0: FðlÞ is compact.
If E0 is a resonance of P
aj ; we set
GjðnÞ ¼ 1jjfjjj
wðDxaj ÞðDxaj þ nÞ
14ðð;fjÞaj#fjÞ: ð4:1Þ
If E0 is not a resonance of P
aj ; we just set GjðnÞ ¼ 0 and QjðlÞ ¼ ð1þ W
1
2
j RjðlÞW
1
2
j Þ
1
2:
Then, we have in the both cases
ð1þ W 12j RjðlÞW
1
2
j Þ
1
2 ¼ GjðnÞ þ QjðE0  nÞ;
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where Qj veriﬁes the remainder estimate of Corollary 3.4. See the remark after the
proof of Theorem 3.3. In the following, we shall only work with indices i and j for
which both Pai and Paj have a resonance at E0: If E0 is not a resonance of one
of these two Subhamiltonians, the leading term we want to study vanishes.
Let GðnÞ and QðnÞ denote the diagonal matrices with the entries GjðnÞ and
QjðE0  nÞ; j ¼ 1; 2; 3; respectively. Let HðnÞ be the matrix with the entries
HijðnÞ; i; j ¼ 1; 2; 3; where
HijðnÞ ¼ 0; if i ¼ j; HijðnÞ ¼ W
1
2
iP0ðDb þ nÞ1W
1
2
j ; if iaj: ð4:2Þ
Write
FðlÞ ¼ GðnÞHðnÞGðnÞ þ fGðnÞHðnÞQðnÞ þ QðnÞHðnÞGðnÞ þ QðnÞHðnÞQðnÞg: ð4:3Þ
We shall ﬁrst establish the asymptotics of nð1; GðnÞHðnÞGðnÞÞ as n-0þ: Then,
Theorem 1.1 will be deduced by a perturbation argument based on the following
lemma.
Lemma 4.1. Let TðnÞ ¼ T0ðnÞ þ T1ðnÞ; where T0ðÞ ðT1ðÞÞ is a self-adjoint compact
operator-valued function in n40 ðnX0Þ: Assume that there is some function f ðnÞ with
f ðnÞ-0 when n-0þ such that limn-0þ f ðnÞnðm; T0ðnÞÞ ¼ lðmÞ; with lðmÞ continuous
in m: Then, the same limit exists for TðnÞ : limn-0þ f ðnÞnðm; TðnÞÞ ¼ lðmÞ:
For the proof of Lemma 4.1, see Lemma 4.9 of [25]). The main technical point to
apply Lemma 4.1 is the following.
Proposition 4.2. Operator GðnÞHðnÞGðnÞ (resp., GðnÞHðnÞQðnÞ þ QðnÞHðnÞGðnÞþ
QðnÞHðnÞ QðnÞ) is compact and continuous in n40 (resp., in nX0).
Proof. Since W
1
2
i P0ðDb þ nÞ1W
1
2
j is a compact operator on L
2ðXÞ; the result for
n40 is clear. It sufﬁces to show that as bounded operator-valued function,
GðnÞHðnÞQðnÞ þ QðnÞHðnÞGðnÞ þ QðnÞHðnÞQðnÞ
can be continuously extended to n ¼ 0: The limit operator is then necessarily
compact. Let us only consider the operator GðnÞHðnÞQðnÞ: The other two terms can
be treated in the same way. The ði; jÞ-entry of this operator is GiðnÞHijðnÞQjðE0  nÞ
which can be written as
PiW
1
2
i wðDxai ÞXaiðnÞ
1
4P0XbðnÞW
1
2
j Q
ð1Þ
j ðE0  nÞ
þ Pi½W
1
2
i wðDxai ÞXaiðnÞ
1
4P0XbðnÞW
1
2
j Xaj ðnÞ
1
4e2  ½Xaj ðnÞ
1
4þe2Qð2Þj ðE0  nÞ;
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where
Pi ¼ 1jjfijj
ð;fiÞai#fi; XaðnÞ ¼ ðDxa þ nÞ
1:
Here we assume that E0 is a resonance of P
ai : Otherwise, GiðnÞ ¼ 0: By Corollary 3.4,
Q
ð1Þ
j ðE0  nÞ and /xakSsXaj ðnÞ
1
4þe2Qð2Þj ðE0  nÞ; kaj; are continuous up to n ¼ 0; for
some e40 and for any 1=2osor1
2
:
Remark that by Theorem 3.1, Pi/xajS
s is bounded on L2 for 1=2osor 1
2
:
It sufﬁces to show that for e40 small,
PiW
1
2
iP0XbðnÞXaiðnÞ
1
4W
1
2
j
and
PiW
1
2
i Xaj ðnÞ
1
4e2P0XbðnÞXaiðnÞ
1
4W
1
2
j/xaiS
r12 þe
are bounded and continuous in n up to n ¼ 0 for iaj: Remark that the W 12aiP0 ¼
Oðoxaj4
r
2Þ for iaj and that since dimXaj ¼ 3;
Rþ{n-/xajS
sðDxaj þ nÞ
s0=2ALðL2ðXaj ÞÞ
is continuous in nX0 for s ¼ s0 ¼ 0 and for any s43=2; s0o3=2: In fact, in the later
case, the operator
oxaj4sðDxaj þ nÞ
s0=2wðDxaj Þ
is a Hilbert-Schmidt operator for all nX0 and
oxaj4sðDxaj þ nÞ
s0=2ð1 wðDxaj ÞÞ
is uniformly bounded in nX0: Here wðÞ is the cut-off around 0 used in Theorem 3.3.
A complex interpolation gives that for 0ps0o3=2; s0os;
Rþ{n-/xajS
sðDxaj þ nÞ
s0=2ALðL2ðXaj ÞÞ ð4:4Þ
is uniformly bounded in nX0: Since r42; we can apply (4.4) to prove that for
0oeor1
2
small enough,
PiW
1
2
iP0XbðnÞXaiðnÞ
1
4W
1
2
j ð4:5Þ
and
PiW
1
2
i Xaj ðnÞ
1
4e2P0XbðnÞXaiðnÞ
1
4W
1
2
j/xaiS
r12 þe
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are uniformly bounded in LðL2Þ for nX0: Here we used the estimate
XbðnÞpCXaiðnÞtXaj ðnÞ1t; C40;
for all xb and tA½0; 1: It follows that GiðnÞHijðnÞQjðE0  nÞ is uniformly bounded
for nX0:
It is now easy to use an argument of approximation to prove that
GiðnÞHijðnÞQjðE0  nÞ is continuous up to n ¼ 0 in operator norm. The details are
omitted. &
Let us now recall some results from [25] which are important in our work. Let
Sˆ ðsÞ : ðL2ðS2ÞÞ3-ðL2ðS2ÞÞ3 be the integral operator with the kernel
Sˆ ðy;o; sÞ ¼
0 Sˆ 12ðt; sÞ Sˆ 13ðt; sÞ
Sˆ 21ðt; sÞ 0 Sˆ 23ðt; sÞ
Sˆ 31ðt; sÞ Sˆ 32ðt; sÞ 0
0
BB@
1
CCA; t ¼ y  o; y;oAS2; ð4:6Þ
with
Sˆ ijðt; sÞ ¼ ð2pÞ1didjuijeitijs sinhðs arccos sijtÞð1 s2ij t2Þ
1
2 sinhðpsÞ
; iaj:
Here di ¼ 1 if E0 is a resonance of Pai ; 0, otherwise. The constants uij ; sij; tij depend
only on the ratio of reduced masses in the clusters b1; b2; b3: In particular, uij40 and
jsij jo1: See (4.15) and (4.22). For m40; deﬁne
UðmÞ ¼ 1
4p
Z
R
nðm; Sˆ ðsÞÞ ds: ð4:7Þ
This function was studied in detail in [25] and is very important for the proof of
the existence of the Eﬁmov effect. In particular, it is proved in [25] that UðÞ is
continuous and that if at least two of the three dj’s are non-zero,
Uð1Þ40: ð4:8Þ
Theorem 4.3. For m40; one has
lim
n-0þ
jlog nj1nðm; GðnÞHðnÞGðnÞÞ ¼ UðmÞ: ð4:9Þ
Proof. We denote
Pj ¼ 1jjfj jj
ð;fjÞaj#fj; GjðnÞ ¼ wðDxaj ÞðDxaj þ nÞ
14:
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Then, P2j ¼ ð;fjÞaj#fj and GjðnÞ ¼ GjðnÞPjðnÞ: Deﬁne
E;j ¼ ð;fjÞaj : L2ðXÞ-L2ðXaj Þ;
and
Eþ;j ¼ fj#  : L2ðXaj Þ-L2ðXÞ;
so that P2j ¼ Eþ;jE;j: Let Fj : L2ðXaj Þ-L2ðX	aj Þ be the three-dimensional unitary
Fourier transform deﬁned by
Fjuðxaj Þ ¼
1
ð2pÞ3=2
Z
Xaj
e
ixaj xaj uðxaj Þ dxaj :
Let gjðnÞ denote the multiplication by the function wðjxaj j2Þðjxaj j2 þ nÞ
1
4: Let P (resp.,
GðnÞ; gðnÞ; E7; F) denote the diagonal matrices with the entries Pj (resp.,
GjðnÞ; gjðnÞ; E7;j; Fj; j ¼ 1; 2; 3). By an elementary argument, one can see that the
non-zero eigenvalues of GðnÞHðnÞGðnÞ ¼ PGðnÞHðnÞGðnÞP are the same as those of
GðnÞHðnÞGðnÞP2 with the same multiplicities. The later has the same non-zero
eigenvalues as those of the operator
EGðnÞHðnÞGðnÞEþALðL2ðXa1Þ  L2ðXa2Þ  L2ðXa3ÞÞ:
So, we obtain for m40;
nðm; GðnÞHðnÞGðnÞÞ ¼ nðm;EGðnÞHðnÞGðnÞEþÞ: ð4:10Þ
Applying Fourier transform F; it follows that
nðm; GðnÞHðnÞGðnÞÞ ¼ nðm; gðnÞFEHðnÞEþF	gðnÞÞ: ð4:11Þ
Let
cjðxaj Þ ¼ Wjðxaj Þujðxaj Þj0ðxbÞ; j ¼ 1; 2; 3: ð4:12Þ
By Theorem 3.1 and the assumption (1.2), one has
jxaj jdcjAL1ðXaj Þ; for any 0odor 2:
The normalization of resonant state gives
ðcj; 1Þaj ¼
Z
Xaj
cjðxaj Þ dxaj ¼ 2
ﬃﬃﬃ
p
p
: ð4:13Þ
For iaj; the ði; jÞ entry of FEHðnÞEþF	 is
FiððDb þ nÞ1ðF	j ;cjÞb;ciÞai :L2ðX	aj Þ-L2ðX	aiÞ:
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We have the decompositions xaj ¼ xb þ xajb ; xb ¼ xaj þ x
aj
b for x
ajAXaj ; xbAX
	
b:
Let Fi denote the partial Fourier transform in xaib variables:
Fiuðxaib Þ ¼
1
ð2pÞ3=2
Z
X
ai
b
eix
ai
b
xai
b uðxaib Þ dxaib :
By the Parseval equality in x
aj
b variables,
FiððDb þ nÞ1ðF	j ;cjÞb;ciÞai ¼ððjxbj
2 þ nÞ1Fi½FiðF	j ;cjÞb;FiciÞL2ðXbXai	
b
Þ
¼ ððjxbj2 þ nÞ1 #cj; #ciÞL2ðXai	
b
Þ:
Here
#cjðxajb Þ ¼ ð2pÞ3=2
Z
Xaj
eix
aj
b
xaj
b cjðxaj Þ dxaj :
For iaj; the ði; jÞ-entry of the operator gðnÞFEHðnÞEþF	gðnÞ is given byZ
X
ai	
b
giðxi; nÞðjxbj2 þ nÞ1 #cjðxajb Þ #ciðxaib Þgjðxj; nÞuðxjÞ dxaib ; ð4:14Þ
for uAL2ðX	aj Þ: To determine the kernel of this operator, we use ðxai ; xaj Þ; iaj; as
coordinates of X	b: This is possible because X
	
b ¼ X	ai"X	aj ; iaj: One can calculate
xajb ¼ cjijxai þ bjijxaj ;
xaib ¼ ciijxai þ biijxaj ;
jxbj2 ¼ dijxai j2 þ dijxai  xaj þ djjxaj j2: ð4:15Þ
Here ciij; b
i
ij ; c
j
ij; b
j
ij; di40; dj40 and dij are non-zero constants depending only on the
reduced masses of the clusters b1; b2; b3: These constants can be explicitly calculated
by making use of, for example, the clustered Jacobi coordinates related to the cluster
decomposition b [23]. Since jxbj2 is positive deﬁnite on X	b; we have necessarily
jdijj2o4didj : ð4:16Þ
Making the change of variables xaib-xaj in the integral in x
ai
b ; we see that the kernel
of the ði; jÞ-entry of the operator gðnÞFEHðnÞEþF	gðnÞ is
kij ¼ mijgiðxai ; nÞðjxbj2 þ nÞ1 #cjðxajb Þ #ciðxaib Þgjðxaj ; nÞ: ð4:17Þ
Here mij is a positive constant depending only on the masses, and xb; x
ai
b ; x
aj
b are
expressed in terms of ðxai ; xaj Þ by (4.15). Due to the cut-off wðjxal j2Þ in glðxal ; nÞ for
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l ¼ i; j; the integral operator deﬁned by kij can be naturally identiﬁed with an
operator from L2ðBð1; ajÞÞ to L2ðBð1; ajÞÞ: Here
Bðr; ajÞ ¼ fxajAX	aj ; jxaj jorg; r40:
Note that #cjð0Þ ¼ 212p1 and
#cjðxajb Þ ¼ #cjð0Þ þ Wðx
aj
b Þ; ð4:18Þ
where Wðxajb Þ is a bounded function behaving like Oðjx
aj
b jdÞ as x
aj
b-0: We now remove
the cut-off w and replace #cjðxajb Þ by #cjð0Þ: Let B be the characteristic function
of 1;N½: Let
K0ðnÞ ¼
0 K012ðnÞ K013ðnÞ
K021ðnÞ 0 K023ðnÞ
K031ðnÞ K032ðnÞ 0
0
B@
1
CA
be the operator with the entries
K0ijðnÞ : L2ðBð1; ajÞÞ-L2ðBð1; aiÞÞ
deﬁned by the integral kernel k0ijðnÞ
k0ijðnÞ ¼
1
2p2
didjmijBðn12jxai jÞðjxai j2 þ nÞ
1
4ðjxbj2 þ nÞ1
 ðjxaj j2 þ nÞ
1
4Bðn12jxaj jÞ; ð4:19Þ
where dl ¼ 1; if E0 is a resonance of Pal ; 0, otherwise. In (4.19), xb is expressed in
terms of the variables xai and xaj ; iaj: As in Proposition 4.2, it can be shown that
kij  k0ijðnÞ deﬁnes a compact operator continuous in nX0: So it does not contribute
to the leading term of the asymptotics.
The rest of the proof is the same as Theorem 4.7 of [25]. By the dilation y-n
1
2y;
one sees that the operator
K0ðnÞALðL2ðBð1; a1ÞÞ  L2ðBð1; a2ÞÞ  L2ðBð1; a3ÞÞÞ
is unitarily equivalent with the operator
K0ð1ÞALðL2ðBðn12; a1ÞÞ  L2ðBðn12; a2ÞÞ  L2ðBðn12; a3ÞÞÞ:
The integral kernel k0ijð1Þ of the ði; jÞth entry of K0ð1Þ is given by (4.19) with n ¼ 1:
k0ijð1Þ ¼
1
2p2
didjmijBðjxai jÞðjxai j2 þ 1Þ
1
4ðjxbj2 þ 1Þ1ðjxaj j2 þ 1Þ
1
4Bðjxaj jÞ:
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Let T0ALðL2ðBðn12; a1ÞÞ  L2ðBðn12; a2ÞÞ  L2ðBðn12; a3ÞÞÞ be the integral operator
whose integral kernel of the ði; jÞth entry is deﬁned by tij ¼ 0 if i ¼ j and
tij ¼ 1
2p2
didjmijBðjxai jÞjxai j
1
2jxbj2jxaj j
1
2Bðjxaj jÞ;
if iaj: Replacing K0ð1Þ by T0 again gives rise to a remainder which corresponds a
compact operator continuous up to nX0: Let Sj denote the unit sphere in X	aj :
Making use of the unitary transformation induced by the change of coordinates
xaj ¼ erjoj; rjAR; ojASj; which maps the set 1ojxaj jon
1
2 onto the set
0; jlog nj=2½Sj; one can check that T0ðnÞ is unitarily equivalent with the operator
SRALðL2ð0; R;L2ðS1ÞÞ  L2ð0; R;L2ðS2ÞÞ  L2ð0; R;L2ðS3ÞÞÞ; ð4:20Þ
where R ¼ jlog nj=2 and the entries of SR are given as follows: Skk ¼ 0 and for
iaj; Sij is the operator of integral kernel
Sijðri  rj;oi  ojÞ ¼ didjmij
2p2ðdieðrirjÞ þ djeðrjriÞ þ dijoi  ojÞ
: ð4:21Þ
See Eq. (4.15). Set
uij ¼ mijðdidjÞ
1
2
; sij ¼ dij
2ðdidjÞ
1
2
:
Then, jsijjo1 by (4.16) and
Sijðri  rj;oi  ojÞ ¼ didjuij
4p2ðcoshððri  rjÞ þ tijÞ þ sijoi  ojÞ; ð4:22Þ
where
tij ¼ 1
2
logðdi=djÞ:
SR is a Toeplitz operator of the form PRSPR where
SALðL2ðRþ;L2ðS1ÞÞ  L2ðRþ;L2ðS2ÞÞ  L2ðRþ;L2ðS3ÞÞÞ
is a convolution operator in radial variables with the kernel given by (4.22) and PR
is the multiplication by the characteristic function of 0; R½: This operator is already
studied in [25]. Applying Theorem 4.5 of [25], we conclude that
lim
R-N
R1nðm; SRÞ ¼ 2UðmÞ; ð4:23Þ
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where UðmÞ is deﬁned by (4.7). Note that Sˆ ijðt; sÞ is related to Sijðr; tÞ by the Fourier
transform
Sˆ ijðt; sÞ ¼
Z
R
eisrSijðr; tÞ dr: ð4:24Þ
Since R ¼ 1
2
jlog nj; we obtain
lim
n-0þ
jlog nj1nðm; GðnÞHðnÞGðnÞÞ ¼ UðmÞ:
Theorem 4.3 is proved. &
Proof of Theorem 1.1. It follows from Lemma 4.1, Proposition 4.2 and Theorem 4.3
that
lim
n-0þ
jlog nj1nð1; FðE0  nÞÞ ¼ Uð1Þa0:
Since P00RbðlÞP00X0 for loE0; where P00 ¼ 1P0; one has AðlÞXFðlÞ: Therefore,
nð1; AðlÞÞXnð1; FðlÞÞ: ð4:25Þ
Theorem 1.1 follows Proposition 2.1. &
Remark. (a) We do not know if the lower bound on NðlÞ obtained from AðlÞ is
optimal. To prove that NðlÞBnð1; AðlÞÞ; it is sufﬁcient to prove that the number of
positive eigenvalues of the operator AðlÞ  FðlÞ is bounded by oðjlogðE0  lÞjÞ as
l-E0: AðlÞ  FðlÞ is not a compact operator. The study of its eigenvalue
distribution requires other methods than those used in this work.
(b) For three-body problems, it is known that if only one of two-body
Subhamiltonians has a zero energy resonance, the discrete spectrum of the three-
body operator is ﬁnite. We cannot conclude from this work if the same property is
true for N-body problems with NX4:
5. Coupling constant limit
The Eﬁmov effect is a critical phenomenon: threshold energy resonances are
unstable under perturbation. Therefore, it is natural to study how eigenvalues vary
when the potentials are small perturbation of those for which the Eﬁmov effect
appear. In this Section, we give a result in coupling constant limit.
Consider a family of N-body Schro¨dinger operators
PðmÞ ¼ Pb þ mIb;
where P ¼ Pð1Þ satisﬁes the assumptions of Theorem 1.1. We want to give an
estimate on the number of discrete eigenvalues of PðmÞ when m-1þ: Let PaðmÞ
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denote the Subhamiltonian of PðmÞ associated with aAA: Set
SkðmÞ ¼ min
aAA;#a¼k
inf sðPaðmÞÞ; k ¼ 2; 3:
Lemma 5.1. Assume (1.2), (1.4), (1.5) for P: Assume in addition that VaACN0 ðXaÞ and
Vaa0 for all aD/ b: For m41 sufficiently close to 1, one has
S3ðmÞ ¼ E0 ð5:1Þ
and
S2ðmÞ ¼ E0 þ Cðm 1Þ2ð1þ oð1ÞÞ; Co0: ð5:2Þ
In particular, the discrete spectrum of PðmÞ is finite for m41 sufficiently close to 1.
Proof. By assumption (1.4),
inf sðPaÞ4E0; if #a ¼ 3; aab; inf sðPbÞ ¼ E0:
By an argument of perturbation, we can show that if #a ¼ 3; aab;
inf sðPaðmÞÞ ¼ inf sðPaÞ þ Oðm 1Þ4E0
when m is sufﬁciently close to 1. If a ¼ b; PbðmÞ ¼ Pb is independent of m: So,
inf sðPbðmÞÞ ¼ E0: (5.1) follows.
To prove (5.2), we remark that by the above argument, for #a ¼ 2; aaa1; a2; a3;
one has inf sðPaðmÞÞ ¼ inf sðPaÞ þ Oðm 1Þ4E0: When a ¼ aj; j ¼ 1; 2; 3; we want
to apply to Paj ðmÞ the result of [17] on coupling constant thresholds which is proved
under the assumption that Vap0; VaACN0 ; 8aAA: From their proof, it is clear that
only the inter-cluster interactions are relevent. Remark that
Paj ðmÞ ¼ Pb  D
x
aj
b
þ mIajb
with I
aj
b ¼
P
aDaj ;aD/ b Vap0 and that for the many-body operator Paj ; Pb is the
unique Subhamiltonian (two-cluster relative to aj) whose spectrum attains the
bottom of the essential spectrum of Paj : By Theorem 3.1 of [17], for m41 with m 1
small enough, Paj ðmÞ admits at least one eigenvalue with an asymptotic expansion in
powers of m 1 or of ðm 1Þ12: In particular, for the lowest eigenvalue EjðmÞ of
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Paj ðmÞ; one has
EjðmÞ ¼ E0 þ cjðm 1Þ2 þ Oððm 1Þ3Þ; cjo0; when m-1þ:
It follows that
S2ðmÞ ¼ min
j¼1;2;3
EjðmÞ:
Eq. (5.2) is proved with C ¼ minfc1; c2; c3g: Since sessðPðmÞÞ ¼ S2ðmÞoS3ðmÞ; the
discrete spectrum of PðmÞ is ﬁnite [10]. &
Theorem 5.2. Under the conditions of Theorem 1.1 for P ¼ Pð1Þ; assume in addition
that VaACN0 and Vaa0 for all aD/ b: Let NðmÞ denote the number of discrete
eigenvalues of PðmÞ in  N;S2ðmÞ½: Then, one has
NðmÞX2C0jlogðm 1Þj  C1; ð5:3Þ
when m-1þ: Here C040 is the same as in Theorem 1.1 and C1 is a constant
independent of m:
Proof. By (1.5), PðmÞ ¼ P þ ðm 1ÞIbpP for m41: It follows from the minimax
principle that NðmÞXNðS2ðmÞÞ: Applying Theorem 1.1 and (5.2), we obtain
NðmÞXNðS2ðmÞÞXC0jlogðjCjðm 1Þ2ð1þ oð1ÞÞÞj:
This proves Theorem 5.2. &
Note that the coupling constant limit m-1 with mo1 for the three-body Eﬁmov
effect was considered in [27].
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